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Abstract
A static string in an AdS Schwarzschild space is dual to a heavy quark anti-quark pair in a gauge
theory at high temperature. This space is non confining in the sense that the energy is finite for
infinite quark anti-quark separation. We introduce an infrared cut off in this space and calculate
the corresponding string energy. We find a deconfining phase transition at a critical temperature
TC . Above TC the string tension vanishes representing the deconfined phase. Below TC we find
a linear confining behavior for large quark anti-quark separation. This simple phenomenological
model leads to the appropriate zero temperature limit, corresponding to the Cornell potential and
also describes a thermal deconfining phase transition. However the temperature corrections to the
string tension do not recover the expected results for low temperatures.
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I. INTRODUCTION
Strong interactions at high energy are well described by QCD: Yang Mills SU(3)gauge
theory plus fermionic matter fields. However at low energies the theory is non perturbative
because of the large coupling constant. Fundamental properties of strong interactions in
this non perturbative regime, like confinement and mass generation are still open problems
for theoretical physicists.
There are presently many indications that one can learn about strong interactions from
gauge/string dualities. Important results have been obtained using this idea. Considering
an AdS space with an infrared cut off, Polchinski and Strassler calculated the scattering
amplitudes for glueballs at high energies and fixed angles[1]. They found the same scaling
behavior (hard scattering) of observed hadronic processes known to be reproduced by QCD
a long time ago[2, 3]. This result opened the possibility of reconciling string theory with a
phenomenological high energy behavior of strong interactions.
The idea of introducing an infrared cut off in AdS space has been also useful to get results
of hadronic spectroscopy. Taking an AdS slice with boundary conditions as a phenomeno-
logical model with gauge/string duality the spectra of glueballs [4, 5], light baryons and
mesons [6] were also obtained. Many other results in the recent literature give support to
the idea of modeling aspects of strong interactions using approximate gauge string dualities,
as for example [7, 8, 9, 10, 11, 12, 13].
An important tool for studying confinement in gauge theories is the Wilson loop. Gauge
string/duality can be used to calculate Wilson loops from string configurations. In the case
of the AdS/CFT correspondence[14, 15, 16] there is an exact gauge/string duality and the
Wilson loop of a heavy quark anti-quark pair in the superconformal large N gauge theory is
calculated from a dual static string living in the AdS bulk[17, 18]. The string lies along a
geodesic with endpoints on the boundary representing the quark and anti-quark positions.
Its energy is proportional to the world sheet area and is a function of the quark anti-quark
distance for an observer on the four dimensional boundary where the gauge theory is defined.
In refs. [17, 18] it was shown that for the AdS5 space the energy shows a purely Coulombian
(non confining) behavior, consistent with a conformal gauge theory. A discussion of Wilson
loops associated with quark anti-quark potential for different spaces can be found in [19].
Other important related results can be found for example in [20, 21, 22, 23].
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Approximate gauge/string duality is also useful for calculating Wilson Loops. Inspired
in the results of hadronic spectroscopy mentioned above, we calculated the world sheet
area of a static string[24] in an AdS space with infrared cut off assumed to represent a
phenomenological approximation for a space dual to a gauge theory with a mass scale. We
found a potential energy with Coulomb like behavior for short distances and linear confining
behavior for large distances. This energy can be identified with the Cornell potential for the
strong interaction of a heavy quark anti-quark pair.
Here we build up an extension of this phenomenological model including thermal effects.
We consider static strings in an AdS Schwarzschild space with an infrared cut off. This
simple model leads to a deconfining phase transition at a critical temperature TC . Above
this temperature the potential energy remains finite for infinite quark separation, so the
quarks are deconfined. Below TC the potential energy has a linear confining behavior. Note
however that for low temperatures our result for the dependence of the string tension with
the temperature does not agree with lattice calculations[25, 26]. The expected result is that
the string tension decreases with −T 2 while our simple model gives a correction of −T 4 .
This is due to the fact that we are considering a background dual to a gauge theory at high
temperatures. If we had considered the thermal AdS space, which is appropriate for low
temperatures, we would get no corrections to the string tension.
II. QUARK ANTI-QUARK POTENTIAL AT FINITE TEMPERATURE
A gauge/string duality involving a gauge theory at finite temperature was proposed by
Witten in [27] inspired in the work of Hawking and Page[28]. In this approach, for high
temperatures, the AdS space accommodates a Schwarzschild black hole and the horizon
radius is proportional to the temperature. For low temperatures the dual space would be
an AdS space with compactified time dimension, known as thermal AdS. The gauge string
duality using AdS Schwarzschild space has recently been applied to obtain the viscosity of
a quark gluon plasma[29, 30].
Here we introduce a hard cutoff in the AdS Schwarzschild black hole metric as a phe-
nomenological model for a space dual to a theory with both mass scale and finite (high)
temperature. We consider this model to be an approximation for the temperatures in the
range of interest, which is around the deconfining critical temperature. We place the cut
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off brane at the same position as in the zero temperature case of ref. [24]: r = R. The
corresponding metric is
ds2 =
( r2
R2
)
(− f(r) dt2 + d~x2 ) +
(R2
r2
) 1
f(r)
dr2 + R2d2Ω5 , (1)
where R ≤ r <∞ , f(r) = 1 − r4T/r4 and the horizon radius rT is related to the Hawking
temperature by rT = π R
2 T . At zero temperature this space becomes an Anti-de Sitter
(AdS) slice. The problem of static strings in a space with metric (1), without any cut off,
was discussed in detail in[31, 32].
We will calculate the potential energy associated with a static string in the space (1)
with endpoints at the boundary r →∞ separated by a coordinate distance ∆x = L. The
corresponding energy is proportional to the world sheet area, calculated from the Nambu-
Goto action
S =
1
2πα′
∫
dσdτ
√
det(gMN∂αXM∂βXN
)
(2)
where gMN is the five dimensional sector of metric (1), excluding the S
5 part. Solving the
classical equations of motion, that corresponds to finding the configuration that generates
the world sheet with minimum area, one finds the energy of the quark anti-quark pair.
Note that depending on the horizon radius (temperature) relative to the brane position
R we find different behaviors for the energy. If rT ≥ R the string will not be affected by
the presence of the brane since it does not cross the horizon. So the energy will be that
described in ref. [31, 32] and there will be no confinement. If rT < R the energy for large
L will grow linearly with L with a temperature dependent coefficient and the quarks are
confined. The critical temperature corresponds to rT = R.
A. Deconfined phase: rT ≥ R
For small quark anti-quark separations L the energy increases with L up to a certain value
L = L∗ . In this case the the world sheet with minimum area corresponds to a U-shaped
curve illustrated in figure 1 with just one minimum value of coordinate r = r0, similar to
those found in [17, 18, 19]. The energy in this case is
E =
1
πα′
{ ∫ ∞
1
(
√
y4 − r4T
r4
0√
y4 − 1 − 1
)
r0dy − r0
}
, (3)
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✻❄
L✲
rr0
•
r = rTr = R
FIG. 1: Schematic representation of a U-shaped geodesic with minimum r0
far from the brane and from the horizon. This kind of geodesic appears for
small quark anti-quark separation.
where we are subtracting the two quark masses, chosen asmq = (1/2πα
′)
∫∞
0
dr . The quark
distance L is related to r0 by
L(r0) = 2
R2
r0
√√√√1− r4T
r40
∫ ∞
1
dy√
(y4 − 1) (y4 − r4T
r4
0
)
. (4)
From this equation one finds that L∗ = 0.75R2/rT since the U-shaped geodesics are ener-
getically favorable for r0 ≥ rT/0.65 .
For quark distances L larger than L∗ the worlds sheet with minimum area corresponds
to straight strings going directly to the horizon as the Box-shaped geodesic illustrated in
figure 2. In this situation the world sheet area becomes independent of L since world sheets
with spatial directions along the horizon have zero area. So the energy in this case is
E = − rT
π α′
(5)
according to our definition of quark masses.
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✻❄
L✲
r
r = rTr = R
FIG. 2: Schematic representation of a Box-shaped geodesic which reaches
the horizon but not the brane. This is a typical situation at high temperature
(rT > R) and large quark anti-quark separation L.
✻
❄
L✲
r
r = rT r = R
FIG. 3: Schematic representation of a degenerated U-shaped geodesic with
minima along the brane.
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B. Confined phase: rT < R
If rT < R the situation changes since the string can reach the brane but not the horizon.
Actually, the horizon is not visible in the space in this case since we are considering the slice
r ≥ R > rT .
For quark distances L < L(r0)|r0=R the string does not reach the brane and the energy
is again given by (3). For quark distances larger than L(r0)|r0=R the string touches the
brane and the geodesic will be a U-shaped curve with degenerated minima. That means two
U-shaped halves connected by a straight line on the brane. These geodesics are illustrated
in figure 3. The energy is then
E =
1
πα′


∫ ∞
1
(
√
y4 − r4T
R4√
y4 − 1 − 1
)
Rdy −R + 1
2
(
L− L(R)
)√
1− r
4
T
R4

 . (6)
For large values of the quark anti-quark separation L the leading asymptotic behavior of the
energy is linear:
E ∼ L
2πα′
√
1− r
4
T
R4
(rT < R). (7)
So there is confinement.
As a remark, let us mention that for temperatures such that 0.85R < rT < R there are
three kinds of geodesics, depending on the distance L. For small L the geodesics are the
U-shaped curves given by eq. (4). Note that the expression (4) leads to values of L in a
finite range: 0 ≤ L ≤ LMax(rT ). For very large values of L the geodesics are the box-shaped
straight lines going to the brane and on the brane. So there is confinement in this regime.
For intermediate values of L the geodesic will be the U-shaped curve with degenerated
minima with a straight line parallel to the brane but not at r = R. Note that when the
distance L reaches some large value the path with straight lines becomes the geodesic. So,
the asymptotic behavior for L→∞ in this temperature range will be confining with again
a linear term given by eq. (7).
7
III. CONCLUSIONS
We show in figure 4 the energies obtained, using the expressions presented in the previous
section, for temperatures T = 0, T = 0.8TC , T = TC and T = 2TC . This figure is similar
to that found from lattice in [26]. This illustrates the fact that in our model the energy of
static strings associated with the quark anti-quark potential present a confining behavior
for temperatures below TC = 1/ πR . In this case there is a linear term in the energy, for
large quark distances L given by E ∼ σ(T )L with
σ(T ) =
1
2πα′
√
1− (πRT )4 (T < TC). (8)
At zero temperature this coefficient is identified with the string tension of the Cornell po-
tential 1/(2πα′) = 0.182 Gev2 and taking the AdS radius to have the value R = 1.4GeV−1
[24], we find a critical temperature TC ∼ 230MeV .
If we extrapolate our model to low temperatures it would imply corrections of order −T 4
to the string tension, as can be seen from eq. (8). However1 the results from fluctuations
of strings in flat space at finite temperature[33] and from lattice calculations[25, 34] imply
corrections of order −T 2 at low temperatures. This shows that our simple model is not
appropriate for low temperatures.
There is a very recent result by Herzog[35] which indicates that the dual space for tem-
peratures below TC should be indeed the thermal AdS. If we had considered this metric
for low temperatures, instead of the AdS Schwarzschild black hole, we would get no ther-
mal corrections to the string tension. So the confined phase would have the same string
tension as in the zero temperature case. It would highly desirable to find a holographic
phenomenological model that gives the expected low temperature corrections.
It is interesting to mention the recent article [36] that uses the cut off AdS Schwarzschild
space to describe light mesons at finite temperature. Another recent article [37] uses a
deformed AdS Schwarzschild space to obtain the spatial string tension at finite temperature.
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FIG. 4: Energy as a function of string end-points separation for different
temperatures.
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